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We devise a protocol in which general nonclassical multipartite correlations produce a physically relevant
effect, leading to the creation of bipartite entanglement. In particular, we show that the relative entropy of quan-
tumness, which measures all nonclassical correlations among subsystems of a quantum system, is equivalent
to and can be operationally interpreted as the minimum distillable entanglement generated between the system
and local ancillae in our protocol. We emphasize the key role of state mixedness in maximizing nonclassicality:
Mixed entangled states can be arbitrarily more nonclassical than separable and pure entangled states.
PACS numbers: 03.65.Ud, 03.67.Ac, 03.67.Mn, 03.65.Ta
The study of quantum correlations has traditionally focused
on entanglement [1]. It is generally believed that entangle-
ment is a necessary resource for quantum computers to outper-
form their classical counterparts. Indeed, it has been shown
that for the setting of pure-state computation, the amount of
entanglement present must grow with the system size for an
exponential speed-up to occur [2]. In the context of mixed-
state quantum information processing, however, there are
computational and communication feats which are seemingly
impossible to achieve with a classical computer, and yet can
be attained with a quantum computer using little or no entan-
glement (e.g. [3, 4]). For example, the Deterministic Quantum
Computation with one Qubit (DQC1) model is believed to es-
timate the trace of a unitary matrix exponentially faster than
any classical algorithm, yet with vanishing entanglement dur-
ing the computation [5]. A second example is the ability for
certain bipartite quantum systems to contain a large amount of
“locked” classical correlations, which can then be “unlocked”
with a disproportionately small amount of classical communi-
cation [4]. This task is impossible classically, yet the quantum
states involved are separable, that is, unentangled. This raises
the crucial question about which, if not entanglement, is the
fundamental resource enabling such feats.
One plausible explanation is associated with the presence
in (generic [6]) quantum states of correlations which have
nonclassical signatures that go beyond entanglement. Indeed,
much attention has recently been devoted to understanding
and quantifying such correlations for this very reason [6–16].
In particular, the separable quantum states of the systems in-
volved in DQC1 and the locking protocol have been shown
to possess non-zero amounts of such correlations [5, 17], as
measured by the quantum discord [7]. The latter strives to
capture nonclassical correlations beyond entanglement and
has recently received operational interpretations in terms of
the quantum state merging protocol [18], but is unfortunately
not a faithful measure [19]. A more accurate quantification
of nonclassical correlations is provided by the so-called rel-
ative entropy of quantumness (REQ) [8, 10–13], defined as
the minimum distance, in terms of relative entropy, between a
multipartite quantum state and the closest strictly classically
correlated state (see Definition 1). Such a measure is faith-
ful [11], symmetric under permutation of the subsystems, and
enables a unified approach to the quantification of classical,
separable and entangled correlations [10].
More generally, the role of nonclassical correlations in
quantum information tasks remains unclear. While all entan-
gled states are known to be useful for information process-
ing [20], the fundamental question of whether the same holds
for all nonclassically correlated (separable) states stays open.
This raises the question: Is there a setting in which general
nonclassical correlations produce a physically relevant effect
that distinguishes them from purely classical ones?
In this Letter, we answer the question in the affirmative by
demonstrating a protocol which in some sense activates the
nonclassicality present in any multipartite quantum system,
leading to the creation of entanglement. We then show that
the REQ of any system state input to our protocol is precisely
the minimum distillable entanglement generated between the
system and local ancillae via the protocol. This result renders
the REQ both an operational and faithful nonclassicality mea-
sure. According to our framework, all and only the quantumly
correlated states are shown to possess an entanglement po-
tential that makes them readily useful for better-than-classical
information processing. Finally, we prove limits on nonclassi-
cal correlations for separable and pure entangled states in any
dimension, while, perhaps surprisingly, these bounds can be
exceeded by mixed entangled states.
Our results apply to general multipartite states, adopting the
following definition of classicality [14].
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FIG. 1. (Color online) Activation protocol for n = 3.
Definition 1 (Strictly Classically Correlated Quantum State).
Given a set of n d-dimensional qudit systems, let Bi denote
an orthonormal basis in Cd for the ith system consisting of
vectors |Bi(k)〉 for 0 ≤ k ≤ d − 1, and let B denote an or-
thonormal basis {|B(k)〉 = |B1(k1)〉|B2(k2)〉 · · · |Bn(kn)〉}
for the entire space (Cd)⊗n formed by taking tensor products
of all elements in bases {Bi}ni=1. Then, an n-qudit state ρ
is strictly classically correlated—or simply classical—if there
exists such a basis B with respect to which ρ is diagonal. Such
states correspond to the embedding of a multipartite classical
probability distribution into the quantum formalism.
Activation protocol.— We now describe our protocol for
activation of nonclassical correlations. The scheme is some-
what inspired by the quantum optics setup of [21], where one
attempts to quantify nonclassicality of a single field mode (de-
fined there as the state deviation from a mixture of coherent
states) by reducing the problem to quantifying the two-mode
entanglement that can be generated from the field using lin-
ear optics, auxiliary classical (coherent) states, and ideal pho-
todetectors. Similarly, we may expect that mapping the (still
not-well-understood) nonclassicality of multipartite correla-
tions into “more familiar” bipartite entanglement allows one
to employ tools from entanglement theory [1] to interpret and
quantify general nonclassical correlations.
Our activation protocol can be thought of as a game be-
tween an adversary and n players, where the n players to-
gether aim to generate an entangled state between a system A
they control and an ancillary system A′, and the adversary’s
goal is to thwart their efforts by locally rotating each subsys-
tem of A before system and ancilla undergo a pre-defined in-
teraction. More precisely, the protocol proceeds as follows
(see Fig. 1). We consider n players Pi, each controlling a
system-ancilla pair of qudits (Ai, A′i). We indicate by A the
joint register A1, . . . , An (“system”), and by A′ the joint reg-
ister A′1, . . . , A′n (“ancilla”). The initial state of the total 2n
qudits is a tensor product ρA:A′ = ρA ⊗ |0〉〈0|⊗nA′ . For a
given ρA, an adversary is first allowed to apply a local uni-
tary Ui of his choice to each Ai. With the adversary’s turn
complete, each player Pi now lets their subsystem Ai (con-
trol qudit) interact with the corresponding ancillary party A′i
(target qudit) via a CNOT gate CAi:A′i , whose action on the
computational basis states |j〉|j′〉 of Cd ⊗ Cd is defined as
C|j〉|j′〉 = |j〉|j′ ⊕ j〉, with ⊕ denoting addition modulo d.
The final state of system plus ancilla is
ρ˜A:A′ = V (ρA ⊗ |0〉〈0|⊗nA′ )V † , (1)
with V = CA:A′ · (UA⊗ 1 A′), UA = ⊗ni=1Ui, and CA:A′ =
⊗ni=1CAi:A′i . We ask: At the end of the protocol, have the n
players succeeded in generating bipartite entanglement across
the split A : A′, and, if so, how much entanglement was
created? It is natural to expect that the answer will depend
on the initial state ρA of the n-qudit system. From a physical
perspective, our aim is to understand precisely how the nature
and amount of correlations between the partsAi of the system
A affects the entanglement that can be created with an ancilla
A′ via the paradigmatic entangling operation — the CNOT;
we consider the worst case scenario with respect to the choice
of the control bases. We then find the following.
Theorem 1. The (initial) state ρA of an n-qudit system is
strictly classically correlated if and only if there exists some
adversarial choice of local unitaries UA such that the (fi-
nal) state ρ˜A:A′ output by the activation protocol is separable
across the system-ancilla split.
In other words, the system always becomes (for any choice
of UA) entangled with the ancilla as a result of the activa-
tion protocol, if and only if the input state of the system is
nonclassically correlated. This establishes a qualitative equiv-
alence between multipartite nonclassical correlations among
components of a quantum system, and bipartite entanglement
between the system and an ancilla, and settles the issue of
the usefulness of nonclassical correlations in (even separable)
quantum states for quantum primitives: Any kind of multipar-
tite nonclassicality initially present in A is a resource for in-
formation processing that can always be activated, or mapped
into bipartite entanglement across the A : A′ split. While
a direct proof of this result is quite straightforward (see Ap-
pendix A [22]), in the following we show a more powerful
result that promotes the equivalence between nonclassicality
and entanglement to a quantitative relationship.
Quantifying nonclassicality.— Having run the activation
protocol, we now proceed to the next logical step: Namely,
we wish to quantify the entanglement generated in the A : A′
split whenever A is initially in a nonclassically correlated
state. The present framework is general enough to allow us
to uncover a full zoology of nonclassicality measures, as each
choice of a different entanglement monotone [23] we adopt
(at the output) leads in principle to a unique nonclassicality
measure (for the input state), the association stemming ex-
actly from the activation protocol. More precisely, let E de-
note some entanglement measure of choice and ρ˜A:A′ the fi-
nal system-ancilla state as in Eq. (1), and define by
QE(ρA) := min
UA
EA:A′(ρ˜A:A′) (2)
3the minimum entanglement generated across the A : A′ split
over all choices of adversarial local unitaries UA. We call
QE(ρA) the minimum entanglement potential of ρA with re-
spect to E. As a consequence of Theorem 1, QE is a measure
of nonclassical correlations in the multipartite state ρA, for
every entanglement monotone E.
In fact, the condition QE(ρA) = 0 perfectly characterizes
the set of classically correlated states ρA if E is a faithful
entanglement measure (i.e. if E vanishes only for separa-
ble states). However, even certain non-faithful entanglement
measures can be plugged in to obtain a faithful measure of
nonclassical correlations [19]. The reason is that the output
state ρ˜A:A′ has the so-called maximally correlated form [24]
between A and A′; namely, ρ˜A:A′ =
∑
kl ρ
B
kl|k〉〈l|A ⊗
|k〉〈l|A′ with ρBkl = 〈B(k)|ρA|B(l)〉, |B(k)〉A = U †A|k〉
and |k〉 = |k1〉|k2〉 · · · |kn〉. In particular, let us consider
the non-faithful (as it vanishes on so-called bound entan-
gled states) but physically motivated distillable entanglement
ED [23] as a bipartite entanglement monotone. We find that
the A : A′ distillable entanglement of ρ˜A:A′ is equal to
ED(ρ˜A:A′) = S(ρ˜A)− S(ρ˜A:A′) = S(ρBA)− S(ρA), where
S(σ) = −Tr(σ log2 σ) is the von Neumann entropy of a
state σ. In the first equality we used the results of [25] about
distillable entanglement for maximally correlated states—for
which it happens to coincide with the relative entropy of en-
tanglement [26]. The second equality is justified by the fact
that ρBA is the state resulting from local projective measure-
ments in the local bases B on ρA and is unitarily equiva-
lent to ρ˜A, while ρ˜A:A′ is obtained from ρA via the acti-
vation protocol isometry, Eq. (1). Thus, the minimum dis-
tillable entanglement potential QED(ρA) takes on the form
QED(ρA) = minB
(
S(ρBA)− S(ρA)
)
, where the minimiza-
tion is over the choice of the bases B. As proven in [10], this
is an equivalent expression for the REQ,
Q(ρA) = min
classical σA
S(ρA‖σA), (3)
where the relative entropy is defined as S(ρ‖σ) =
Tr(ρ log2 ρ−ρ log2 σ) and the minimization is over all strictly
classically correlated states σA. We have thus proven that the
REQ quantifying general nonclassical correlations between
the n subsystems Ai of A is exactly equal to the minimum
bipartite distillable entanglement potential—or, equivalently,
to the minimum relative entropy of entanglement potential—
generated between the system A and the ancillary register A′.
This finding immediately provides a clearcut operational
interpretation for the REQ, a quantity whose original defini-
tion was purely geometric [Eq. (3)], which then emerges as
a mathematically sound and physically motivated measure of
nonclassical correlations for arbitrary quantum states, quanti-
fying equivalently the resource power of such correlations for
(distillable) entanglement generation. Incidentally, since the
REQ is faithful [11], this yields a proof of Theorem 1.
Other nonclassicality measures can be induced by differ-
ent entanglement monotones. Choosing e.g. the “negativity”
N [27] as an entanglement measure, one obtains QN (ρA) =
(minB
∑
i6=j |ρBi,j |)/2 as a quantifier of nonclassical correla-
tions (see Appendix B [22] for details), directly related to the
off-diagonal coherences of the density matrix of the system,
minimized over all local bases.
Nonclassicality versus mixedness and entanglement.—
Equipped with a faithful and operational measure of nonclas-
sical correlations, the REQ Q ≡ QED , we can investigate the
interplay between nonclassicality, entanglement and mixed-
ness of general states ρA. For the sake of simplicity, from
now on we restrict to the bipartite case A1 = A, A2 = B. We
begin with a few simple but general observations following
from the definition of Q.
For pure states ρAB = |ψ〉〈ψ|, the quantumness Q reduces
to the von Neumann entropy of entanglementS(ρA) = S(ρB)
[13], and is thus at most equal to log2 d. On the other hand, for
arbitrary mixed ρAB , we have thatQ(ρAB) is at most 2 log2 d,
since from Eq. (3) one has Q(ρAB) ≤ S(ρAB‖ρA ⊗ ρB) =
S(ρA) + S(ρB) − S(ρAB) ≡ I(ρAB), where I denotes the
mutual information, a measure of total correlations. From this
and the results of [28], one realizes that for a separable state a
boundQ(ρsepAB) ≤ log2 d holds. In Appendix C [22], we prove
in fact that this inequality is always sharp for separable states,
i.e., the bound log2 d cannot be exactly saturated for separa-
ble nonclassical states, while it is instead trivially reached by
pure maximally entangled states |ψ〉 = d−1/2∑d−1j=0 |j〉|j〉.
Almost all separable states thus possess nonclassical correla-
tions [6], but not to a maximal extent (as already observed
in the particular cases of two-qubit [29] and two-mode Gaus-
sian states [16]). However, with increasing d → ∞ we find
quite surprisingly that the upper bound on the REQ of sep-
arable states becomes asymptotically tight, in the sense that
separable states exist such that Q(ρsepAB)/ log2 d → 1. Even
more intriguingly, we can show that the upper bound on gen-
eral mixed bipartite states ρAB is also asymptotically tight,
in the sense that families of mixed states exist such that in
the limit d → ∞, their quantumness converges to the maxi-
mum, Q(ρAB)/ log2 d → 2. More precisely, in Appendix D
[22] we prove the following two results using techniques from
Refs. [30, 31]. Let m = ⌈(log2 d)4⌉.
Theorem 2. Define the following random separable state:
σAB =
1
dm
∑
i=1,...,d
j=1,...,m
|i〉〈i|A ⊗
(
Uj|i〉〈i|U †j
)
B
, with uni-
taries Uj drawn independently from the Haar measure. Then,
S(σAB) ≤ log2 d + log2m, while on the other hand, for
d sufficiently large and with high probability, S(σBAB) ≥
2 log2 d − const., for all B. Hence, Q(σAB) ≥ log2 d −
O(log2 log2 d).
Theorem 3. Define the following random state: For C a
system of dimension m, let ρAB = TrC |ψ〉〈ψ|ABC , where
|ψ〉 ∈ Cd ⊗ Cd ⊗ Cm is uniformly distributed (with proba-
bility induced by the Haar measure). Then, S(ρ) ≤ log2m,
while on the other hand, for d sufficiently large and with high
probability, S
(
ρB
) ≥ 2 log2 d − const., for all B. Hence,
Q(ρAB) ≥ 2 log2 d−O(log2 log2 d).
These results show that, first, there are separable states that
4asymptotically (in d) are as nonclassical as the most nonclas-
sical pure state (which is the maximally entangled state); sec-
ond, mixed entangled states can be twice as nonclassical as
pure entangled states. Both entanglement and mixedness are
required to “break the barrier” of log2 d, thus showing that
entanglement by itself is not the strongest form of nonclassi-
cality.
Conclusions.— The study of general nonclassical correla-
tions is currently a burgeoning area, but in many ways such
correlations are still not well-understood. Our activation pro-
tocol lends new insight into the nature of these correlations
by furnishing them, in full generality, with a new operational
meaning in terms of resources for entanglement generation.
Furthermore, we have reduced the problem of quantifying
nonclassicality to the more familiar setting of quantifying en-
tanglement, for which a multitude of tools for analysis are
already known (see e.g. [1]). As an added bonus, we have ob-
tained an alternative operational interpretation for the relative
entropy of quantumness measure [8, 10]. Finally, with respect
to the latter, we have demonstrated that, remarkably, there ex-
ist mixed entangled quantum states whose nonclassical corre-
lations are stronger than those of pure entangled states. Fur-
ther investigation on the nature and the structure of nonclassi-
cal correlations, following the programme laid by this Letter,
may trigger novel developments in quantum technology and
shed light on foundational aspects of quantum theory.
Note added.—After completion of this Letter, we became
aware of some related results by Streltsov et al. [32], who
showed that the quantumness of correlations (as measured
e.g. by the quantum discord) is also related to the minimum
entanglement generated between system and apparatus in a
partial measurement process. In light of those results, our
findings can be understood also as dealing with the interplay
between system-apparatus entanglement and nonclassicality
of correlations when realizing local measurements.
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Proof of Theorem 1
Proof. The “if” part is trivial, as given a strictly classical correlated state one can choose UA to make the n-orthogonal spectral
basis of
ρA =
∑
i
pi|B(i)〉〈B(i)|
coincide with the computational basis, so that
ρ˜A:A′ =
∑
i
pi|i〉〈i|A ⊗ |i〉〈i|A′ .
As regards the “only if” part, let us consider the separable decomposition
ρ˜A:A′ =
∑
α
qα|ψα〉〈ψα|A ⊗ |φα〉〈φα|A′
which exists by hypothesis for some choice of UA. Since the transformation (1) is unitary and invertible, there must exist a pure
ensemble {qα, |ξα〉A} such that ρA =
∑
α qα|ξα〉〈ξα|A and
V |ξα〉A|0〉A′ = |ψα〉A ⊗ |φα〉A′ (4)
Let us expand |ξα〉A on the computational basis rotated by U †A:
|ξα〉A =
∑
a
cαaAU
†
A|a〉A
and compute the action of V :
V |ξα〉A|0〉A′ =
∑
a
cαaA |a〉A ⊗ |a〉A′
Imposing the factorization condition (4) we find that it must be cαaA = cαf (α)δa,f(α), |cαf (α)| = 1 for some f(α) ∈ Nn.
Therefore,
ρA =
∑
α
qα
(∑
a
cαaAU
†
A|aA〉
)(∑
b
cαbA〈bA|UA
)
=
∑
α
qα
(∑
a
cαf (α)δa,f(α)U
†
A|aA〉
)(∑
b
cα∗f (α)δb,f(α)〈bA|UA
)
=
∑
α
qαU
†
A|f(α)A〉〈f(α)A|UA.
As every U †A|f(α)A〉 is part of one and the same orthogonal basis, we get the claim.
Thus, every non-strictly classical state, either separable or entangled, does lead to the production of entanglement in the
A : A′ cut, whatever the local rotation UA. On the other hand, such production of entanglement can be excluded by a proper
local rotation UA in the case of a strictly classically correlated state.
ii
Negativity of quantumness
The negativity is an entanglement monotone, defined for a bipartite state ρA:B as N (ρA:B) = (||ρTAA:B ||1 − 1)/2, with
‖X‖1 = Tr
√
X†X the trace norm, and ρTAA:B the partially transposed state. Thanks to the maximally correlated form, even in
the multipartite case it is easy to calculate the eigenvalues of ρ˜TA
A:A′
, which are given by ρBi,i, for all i, and by the coherences
±|ρBi,j | for i > j (understood lexicographic order). Thus, N (ρ˜A:A′) = (||ρ˜TAA:A||1 − 1)/2 =
(∑
i6=j |ρBi,j |
)
/2, and we
obtain another (quantitative) proof that ρ˜A:A′ is entangled for any rotation UA if and only if ρA is not classical. Indeed,
by definition a non-classical state has some non-vanishing coherence ρBi,j for some i 6= j, in any basis B. For a pure state
|ψ〉A =
∑
iΨ
B
i |B(i)〉, with ΨBi = 〈B(i)|ψ〉, one has ρBi,j = ΨBi ΨB∗j , so that ‖ρ˜TAA:A′‖1 =
(∑
i |ΨBi |
)2
. In the bipartite
case |ψ〉AB one has
∑
i |ΨBi | =
∑
i1i2
|ΨBi1i2 | = ‖ΨB‖ℓ1 ≥ ‖ΨB‖1 =
∑
k
√
λψk , with ΨB the matrix of coefficients, ‖ · ‖ℓ1
and ‖ · ‖1 the ℓ1-norm and trace norm, respectively, and |ψ〉 =
∑
k
√
λψk |αk〉A|βk〉B the Schmidt decomposition of |ψ〉.
Thus, the negativity of quantumness QN (ψAB), i.e., the minimum negativity of ρ˜AB:A′B′ , is exactly equal to the standard
negativity of |ψ〉AB . One can further consider the exemplary mixture ρ(ψ, p) = (1− p) 1d2 + p|ψ〉〈ψ|, with 1 /d2 the maximally
mixed state. A straightforward calculation, taking again into account the maximally correlated structure of ρ˜AB:A′B′ , leads to
QN (ρ(ψ, p)) = pN (ψ). So, as already observed in, e.g., [11], ρ(ψ, p) is non-classical as long as p > 0 and ψ is entangled.
Maximal non-classicality of separable states
Let us consider a separable state ρAB = ρsepAB =
∑
m pm|αm〉〈αm| ⊗ |βm〉〈βm|, with {pm} a probability distribution, and
|αm〉, |βm〉 arbitrary pure states. Then,
Q(ρAB) = min
B
(
S(ρBAB)− S(ρAB)
)
≤ min
B
(
S(ρBAB)− S(ρA)
)
= min
B
(
S(ρBAA ) +
∑
i
〈BA(i)|ρA|BA(i)〉S(σBBi )− S(ρA)
)
≤ min
BB
∑
i
pAi S(σ
BB
i ),
where
σBBi =
∑
j
〈BA(i)BB(j)|ρAB |BA(i)BB(j)〉
〈BA(i)|ρA|BA(i)〉 |BB(j)〉〈BB(j)|,
and {pAi } are the eigenvalues of ρA. The first inequality is due to the fact that for any separable state S(ρAB) ≥
max{S(ρA), S(ρB)} [28]. The second inequality comes from choosing as particular basis BA an eigenbasis of ρA, so that
S(ρBAA ) = S(ρA). Now, this upper bound is equal to log2 d only if σ
BB
i is maximally mixed for all i, that implies that ρB is also
maximally mixed. Reversing the role of A and B, we also find that ρA must be maximally mixed for Q(ρAB) to be compatible
with log2 d. This means that the basis chosen in the second inequality is arbitrary, and we find that for the last line to be equal
to log2 d, it must be that 〈BA(i)BB(j)|ρAB |BA(i)BB(j)〉 = 1/d2 for all BA,BB and all i, j. Thus it must be ρAB = 1 /d2. But
the latter state is classical. Thus, for any separable state that is not classical, we find that Q(ρAB) is less than log2 d, a value that
is instead achieved by a maximally entangled state of A and B.
Proofs of Theorems 2 and 3
We will consider arbitrary local complete von Neumann measurements
M =
(|mx〉〈mx|)dx=1, N =
(|ny〉〈ny|)dy=1
iii
on A and B, respectively, and denote by M also the completely positive trace-preserving projection associated to the measure-
ment:
M(σ) =
∑
x
|mx〉〈mx|σ|mx〉〈mx|,
and likewise for N . In the following let m = ⌈(log2 d)4⌉.
Proof of Theorem 2. The state σ is almost identical to the information locking states considered in [30][Thm. V.1, eq. (64)],
except that there also j is given in an extra register to A. There it is shown that – when d is sufficiently large and with high
probability – for any (projective) measurements on A and B with classical outputs x and y, respectively,
I(x : y) ≤ I(ij : y) ≤ const.. (5)
This is because with our choice for m (n in [30]), the parameter ǫ in the Eq. (66) of [30] can be chosen to scale as 1/ log2 d.
The bound (5) must hold true also for our state, since all we do is remove j before the measurement.
Note however, that x and y have maximal entropy log2 d, since σA = σB = 1 /d are both maximally mixed. That means that
S
(
σBAB
) ≥ 2 log2 d− const. as claimed.
The upper bound on S(σAB) follows by observing that the rank of σAB can be at most dm.
Proof of Theorem 3. The random state considered here is analysed in great detail already in [31], and we may refer to that paper
for technical results.
Since the rank of ρ is bounded by m, the upper bound on S(ρ) is clear.
On the other hand, let us analyze the measure concentration of the entropy S
(
(M ⊗N)ρ) – first only for a fixed pair M and
N . We use the elementary estimate
S
(
(M ⊗N)ρ) ≥ S2((M ⊗N)ρ)
= − log2
d∑
x,y=1
(Trψ(Mx ⊗Ny ⊗ 1 ))2 ,
where S2(σ) = − log2(Trσ2) is the (quantum) Renyi entropy of order 2. Hence, invoking the convexity of− log and the unitary
invariance of the distribution of ψ,
EψS
(
(M ⊗N)ρ) ≥ − log2 Eψ
d∑
x,y=1
(Trψ(Mx ⊗Ny ⊗ 1 ))2
= − log2
(
d2Eψ
(
Trψ(|0〉〈0| ⊗ |0〉〈0| ⊗ 1 ))2)
= − log2
(
d2Tr
(1 + FABC:A′B′C′
d2m(d2m+ 1)
|00〉〈00|AA′ ⊗ |00〉〈00|BB′ ⊗ 1CC′
))
= log2
d2m+ 1
m+ 1
≥ 2 log2 d− log
(
1 +
1
m
)
.
The identity in the third line, Tr(FC:DXC⊗YD)) = Tr(XY ), where FC:D is the swap operator between C and D , is a standard
trick.
The Lipschitz constant of the entropy S
(
(M ⊗N)ρ) can be taken directly from the Appendix B of [31]: it is upper bounded
by
√
8 log2 d
2
. Thus, by Levy’s Lemma:
Pr
{
S
(
(M ⊗N)ρ) < 2 log2 d− log
(
1 +
1
m
)
− ǫ
}
≤ exp
(
−c ǫ
2
32(log2 d)
2
d2m
)
, (6)
for some constant c > 0.
The rest of the proof is a net argument. If we consider T possible basis pairs Mt, Nt (t = 1, . . . , T ), by the union bound we
have:
Pr
{
∃t S((Mt ⊗Nt)ρ) < 2 log2 d− log
(
1 +
1
m
)
− ǫ
}
≤ T exp
(
−c ǫ
2
32(log2 d)
2
d2m
)
. (7)
We shall show that it is enough to consider
T ≤
(
c′d3/2(log2 d)
2
ǫ2
)4d2
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basis pairs, for which the probability in eq. (7) is ≪ 1 for our choice of m = ⌈(log2 d)4⌉ and d large enough. Each local
measurement is decribed by an orthonormal basis (|bx〉)dx=1. If we think of the vectors as column vectors relative to some
standard basis, we can arrange them in a d × d unitary matrix, the matrix rotating the standard basis to (|bx〉)dx=1. Then, the
claim is that on the unitary group U(d) with operator norm distance, there exists a δ-net of
T0 ≤
(
c′d3/2
δ
)2d2
elements (see the net estimate below). Choosing δ = ǫ2/2(log2 d)2 we obtain T as T 20 (that is, using T0 elements {Mt} and T0
elements {Nt}).
Now let M and N be arbitrary product von Neumann projective measurements. We find Ms and Nt in the net such that the
unitaries of M and Ms are δ-close, and those of N and Nt likewise, which implies that M ⊗N is 2δ-close to Ms ⊗Nt – or in
other words the projection bases are related by a unitary U that is 2δ-close to the identity 1 . But then it holds in trace distance
1
2‖UρU † − ρ‖1 ≤ 2δ (see [30][Lemma II.4, Eq. (17)]), and hence∣∣S((M ⊗N)ρ)− S((Ms ⊗Nt)ρ)∣∣ = ∣∣S((M ⊗N)ρ)− S((M ⊗N)UρU †)∣∣
≤ H2(2δ) + 2δ log2 d2
≤ (2
√
2δ + 2δ) log2 d
2 ≤ 4ǫ.
whereH2 denotes the binary entropy, and we have used the Fannes-Audenaert inequality [K. M. R. Audenaert, J. Phys. A: Math.
Theor. 40, 8127 (2007)] and the estimate H2(x) ≤ 2
√
x(1 − x). Thus, we get directly
Pr
{
∃M∃N S((M ⊗N)ρ) < 2 log2 d− log
(
1 +
1
m
)
− 5ǫ
}
≤
(
c′d3/2(log2 d)
2
ǫ2
)4d2
exp
(
−c ǫ
2
32(log2 d)
2
d2m
)
,
and we’re done.
Proof of the net estimate. From [31] we know that one can find an η-net on the pure state vectors in Cd (w.r.t. the Euclidean
norm) with at most
(
5
η
)2d
elements. For each vector |bi〉 in the given basis, find an η-close neighbour |b′i〉. Of course this is not
an orthogonal basis in general, so we perform an orthogonalisation inspired by the square-root measurement: define the operator
B =
∑d
i=1 |b′i〉〈b′i| and let
|b′′i 〉 = B−1/2|b′i〉.
It is easy to see that if the |b′i〉 are linearly independent, then this defines an orthonormal basis. Linear independence is equivalent
to B being invertible, which we also need for the above definition to make sense.
Now observe ‖|b′i〉〈b′i| − |bi〉〈bi|‖ ≤ 2‖|b′i〉 − |bi〉‖2 ≤ 2η, hence
‖B − 1 ‖ =
∥∥∥∥∥
∑
i
(|b′i〉〈b′i| − |bi〉〈bi|)
∥∥∥∥∥ ≤
∑
i
‖|b′i〉〈b′i| − |bi〉〈bi|‖ ≤ 2dη,
and consequently
∥∥B−1/2 − 1 ∥∥ ≤ 2dη1−2dη .
Putting all this together, and assuming 2dη ≤ 1/2, we see that ‖|bi〉 − |b′′i 〉‖2 ≤ (4d+ 1)η.
An elementary estimate now shows that for the corresponding unitary matrices U and U ′′, ‖U − U ′′‖ ≤ (4d + 1)√dη. The
number of different U ′′ encountered in this construction is bounded by the d-th power of the net size on vectors we started with,
i.e. T0 ≤
(
5
η
)2d2
.
Letting η = δ
c′d3/2
concludes the proof.
